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Abstract—Steady-state kinetics of compulsory-ordered single-substrate irreversible and reversible enzyme reactions with
two, three, and arbitrary number of intermediates were observed. Necessary and sufficient conditions for application of the
quasi-equilibrium assumption and restrictions of this assumption were found in cases of two and three intermediates in the
equilibrium segment. For all cases, accuracy of the quasi-equilibrium assumption was evaluated.
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accuracy of assumption

The quasi-equilibrium assumption in enzyme kinet-
ics is a widespread approach that implies that some inter-
mediate enzyme forms in the mechanism of the enzyme
reaction are considered to be in a rapidly established
equilibrium state, and this state is practically not subject-
ed to the disturbing effect of the reaction catalyzed by the
enzyme. The other intermediates are considered to be in
the steady state. The quasi-equilibrium assumption is very
popular in enzyme kinetics [1-3]. Strictly speaking, the
history of enzyme kinetics began with the use of this
assumption, because the classical Michaelis—Menten
equation was first derived using the conception of equilib-
rium between free enzyme and enzyme—substrate com-
plex in the mechanism of catalysis [4].

Combined character of the quasi-equilibrium
assumption as a superposition of a steady state of the sys-
tem, when intermediates supposed to be in the rapid
equilibrium state behave themselves as an independent
equilibrium subsystem, was reflected in the general
method for computation of quasi-equilibrium systems
derived by Cha [5]. According to this method, each group
of intermediates in the mechanism of the enzyme reac-
tion that are supposed to be in the rapid equilibrium state
(so-called equilibrium segment) is considered as one

* To whom correspondence should be addressed.

intermediate, and each rate constant of the elementary
reaction transferring intermediate outside the segment is
multiplied by a coefficient equal to the concentration
fraction of this intermediate in its equilibrium segment.
The rest of the mechanism of the enzyme reaction
remains unchanged. For this reduced scheme, the kinetic
equation in steady-state assumption is derived in an ordi-
nary way or using the King—Altman method [6] (to sim-
plify the procedure), either case using the graphical
method (modification suggested by Volkenstein and
Goldstein [7]). It is also possible to derive kinetic equa-
tions for enzyme reactions with the quasi-equilibrium
assumption using computer programs [8§, 9].

The quasi-equilibrium assumption is considered to
be useful when pH dependence of enzyme reactions is
studied [10, 11] because rapid equilibrium can occur in
the case of ionization reactions due to high proton trans-
fer rates in aqueous solutions. The quasi-equilibrium
assumption is usually applied when the effect of reversible
modifiers on catalytic characteristics of single-substrate
enzymes is described [12, 13].

It should be noted that wide use of the quasi-equilib-
rium assumption in enzyme kinetics is mostly due to rel-
ative simplicity (as compared with the steady-state
assumption) of the resulting kinetic equations and also
their easy derivation [2, 5, 14]. However, an adequate
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critical analysis of criteria and application limits as well as
evaluation of the accuracy of the quasi-equilibrium
assumption is absent from the literature. Possible applica-
tion of the Cha method for computation of enzyme reac-
tion schemes with the quasi-equilibrium assumption is
not justified in general, and there are no clear criteria
allowing consideration of the suggested segment of a
kinetic scheme as an equilibrium one. This raises doubts
about the correctness of the Cha method and general
applicability of the quasi-equilibrium assumption [15-
19]. Unjustified application of the quasi-equilibrium
method often results in serious errors in interpretation of
kinetic schemes of enzyme reactions.

In this work, criteria for application of the quasi-
equilibrium assumption for steady-state systems have
been developed for single-substrate enzyme reactions,
and quantitative evaluation of accuracy of this assump-
tion is given.

RESULTS AND DISCUSSION

In future discussion, we shall use the term “quasi-
equilibrium assumption”, although some authors use
terms “equilibrium assumption” [5, 15] or “rapid-equi-
librium assumption” [9, 12]. In general, all three terms
are related with the same suggestion that the ratio of
intermediate concentrations in the equilibrium segment
negligibly depends on whether the enzyme reaction pro-
ceeds or not. The essence of the quasi-equilibrium
assumption is that the ratio of intermediate concentra-
tions in the equilibrium segment is accepted as equal to
that when the rate of the enzyme reaction in zero. It is
assumed that the system in which the enzyme reaction
proceeds is in a steady state in relation to concentrations
of the enzyme intermediates. To avoid detailed discussion
of conditions for establishment of a steady state (for con-
temporary discussion, see [20]), let us limit ourselves by
theoretical possibility for establishing a steady state under
conditions for maintenance of constant values of sub-
strate and product concentrations during the enzyme
reaction; this will be sufficient for the goal of this study.

For any mechanism of enzyme reaction considered
in this work, let us take dependences of intermediate con-
centrations and the reaction rates on concentrations of
participants of the enzyme reaction (substrates, products,
modifiers, etc.) under conditions for steady-state estab-
lishment via all intermediate enzyme forms as exact deci-
sions. Let us also take relative deviations of concentra-
tions of enzyme intermediates and of the reaction rate
obtained by the quasi-equilibrium assumption from cor-
responding values obtained by the exact (steady-state)
decision as a quantitative evaluation of accuracy of the
quasi-equilibrium assumption.

Three-stage enzyme reaction. This simplest scheme
of the reaction catalyzed by enzyme E, in which one mol-
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ecule of substrate S is converted into one molecule of
product P, looks as follows:

k8] ks

>ES—~—>FP

< .

E 2([E). ()

€ <

ky k3[P]
For this scheme and its modifications, let us analyze

cases when fragments

k,[S]

LA AN
> FEz——>ES and Ec——=ES
G [P] K =

EP

are suggested as an equilibrium segment and also the case
where EP intermediate form is omitted (often discussed
in the literature).

For mechanism (1), the rate of enzyme reaction in a
steady state (v*) is:

‘e, Kk ko[S]-k K k[P |
KIS+ ok [P]+k kL [PT + kok, + ko k, +
ke, gl [S]+ gk [S]+ k k[P

7

2

where ¢, is the total enzyme concentration (net concen-
tration of all its intermediate forms). From here on,
superscript “ss” means steady state. From (2) it is obvious
that the rate is positive when substrate (S) concentration
decreases and product (P) concentration increases.

Steady-state concentrations of intermediate enzyme
forms are:

ko, +k ok, +kok,

[E]" = e, , ()
T, [S]+ I[P+ ek [PT+ gk, + Kk, +
ok, Hkk[S]H gk [S]Hk k[P

[ESF — o ke, [S]+ ke, [S]+ Kk [P @)

"kk,[S]+k k. [P]+k k[Pl +kk, +k k, +
+k ko, Hkk[S]+kk o [S]+ kK [P]

[EPT" = o, ke [S]+k Kk [P]+k k,[P] )
kl,[S]+kk, [P]+k k [Pl+lk, +k k, +

Tk, Tk S]+kk o [S]+ 1k k[P]

K, [S]

>ES.

k
Equilibrium segment EPZ 1: >E ¢
-3 ~1
Let us suggest that in the course of the enzyme reac-
tion (1) the ratios of intermediate enzyme forms EP, E,
and ES negligibly differ from those attained under true
equilibrium conditions:
k3

SE—SL5ES (6)

Nk, Kk,

EP

that is, the quasi-equilibrium assumption is justified.

In this case the rate of the enzyme reaction and con-
centration of intermediates calculated using the quasi-
equilibrium assumption are:
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\,’qe =e k1k2k3[s] - k—lk—Zk—S[P] , (7)
“kk,[S]+Hk k, +k k[P
[E]* =, Kok L ®
kk [S]+k Kk, +k_ k_[P]
[ES]" - o, SLEIE] Lo
klks[S] + k_lk3 + k-1k_3[P]
[EP[* = e SL] L (10)

’ klks[s] + k-1k3 - k—lk—i[P] .

From here on, superscript “qe” means the quasi-
equilibrium assumption.

Comparison of expressions (2)-(5) and (7)-(10) shows
that for mechanism (1) the necessary and sufficient condi-
tion for application of the quasi-equilibrium assumption in
this case is simultaneous fulfillment of conditions (11)-(14):

k_, >>k,, (11)
k; >> ko, (12)
kik,[S] << k_k_5[P], (13)
Kok 5[P] << kks[S]. (14)

If these conditions are fulfilled, v =~ v¥*, [E]* = [E]*,
[ES]* ~ [ES]*, [EP]% ~ [EP]*. However, the degree of
accuracy with which these approximate equalities are ful-
filled is of great importance. For quantitative evaluation
of accuracy of the quasi-equilibrium assumption, let us
use the fact that all values in inequalities (11)-(14) are
positive and limited; thus, we can write obvious relation-
ships not imposing any conditions:

ﬁgs, (15)
k—]
— 16
K, g (16)
M<g (17)
k_k,[P]
Kok, [P] <& (18)
k.k,[S]

where positive dimensionless parameter ¢ is equal to the
maximal value of the left parts of inequalities (15)-(18) at
the chosen limited range of S and P concentrations.

VRZHESHCH

It is easy to show that if ¢ defined by relationships
(15)-(18) is used, the following inequalities are justified:

Kaks[P1 (19)
k k;[S]
qe
Rk L (RS BE)
1+2¢
B clesp <@sira+20. @
1+ 2¢
[EP]* <[EPJ* <[EP]*(1 + 2¢) . (22)

1+ 2¢

Expressions (19)-(22) are strict inequalities because
physical values of the left parts of expressions (15)-(18) are
real numbers and cannot be strictly equal to each other.
Taking the relative deviations of values obtained by the
quasi-equilibrium assumption from the steady-state values
as the quantitative evaluation of accuracy of the quasi-
equilibrium assumption and based on (19)-(22), we obtain:

v ;VSS <2¢, (23)
\'
w < 28, (24)
[E]
[ESI™ _[ES]SS <2e, (25)
[EST®
[EPT" ~[EPT") (26)
[EP]SS

As obvious from expressions (15)-(18), in this case
accuracy of application of the quasi-equilibrium assump-
tion depends not only on the ratio of rate constants, but
also on the range in which substrate and product concen-
trations change. There is a correct question whether such
substrate and product concentration range exists in which
the quasi-equilibrium assumption can be used with suffi-
cient accuracy.

To solve this question, let us use the fact that the left
parts of inequalities (15) and (16) are independent of
product and substrate concentrations. Let us assume that,
e.g. the left part of inequality (16) (let us designate it €) is
greater than the left part of (15):

& < & =g. (27)
k—l k3
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It is easy to show that if substrate and product con-
centrations are varied in the range

eq <@<£a
[S] k,

where K, is the equilibrium constant of the reaction con-
sidered:

(28)

K _ [Pl _ kkok,

e = , (29)
TSk, kkok,
the accuracy of the quasi-equilibrium assumption (23)-
(26) is defined by &€ value, which is in turn defined by
expression (27). From here on, subscript “eq” means true
equilibrium conditions. When the ranges of substrate and
product concentrations become wider than the limits
given by (28), accuracy of the quasi-equilibrium assump-
tion defined by inequalities (15)-(18) will be less than that
defined by expression (27).

If the left part of (16) is greater than the left part of
(15) (in turn let us designate the latter as €),

(30)

and substrate and product concentrations are varied in
the range

k P

—l L u < Keq , 31
ky [S]

the accuracy of the quasi-equilibrium assumption (23)-
(26) is defined by ¢ value, which is in turn defined by (30).
When the ranges of substrate and product concentrations
become wider than the limits given by (31), the accuracy
of the quasi-equilibrium assumption defined by inequali-
ties (15)-(18) will be less than that defined by expression
(30).

So, the problem of substrate and enzyme concentra-
tions range, which allows use of the quasi-equilibrium
assumption with sufficient accuracy, has positive deci-
sion: if the concentration range is defined by inequalities
(28) or (31), accuracy is defined by inequalities (15) and
(16), respectively; they are independent of concentra-
tions. S]

Equilibrium segment E (:{:> ES.

Suppose that in the course of enzyme reaction (1)
the concentration ratio of only two intermediate enzyme
forms (E and ES) negligibly differs from the concentra-
tion ratio of these forms under true equilibrium condi-
tions:

k,[S]
E <_k4> ES,

-1

(32)
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that is, the quasi-equilibrium condition is justified. Such
case may be easily modeled if in the case considered above
the ranges of substrate and product concentrations are
significantly shifted towards decrease in [P]; this will
result in violation of condition (17).

For reaction (1) the rate of the enzyme reaction and
concentrations of intermediates calculated if equilibrium
(32) is supposed to be established will be as follows:

ko k. [S]-k k k [P]

]
' Yk, [S]+k kL [P]+k k., +kk,[S]+ (33)
+k k., +k k. [S]
[EI* =e, kk, +kk , (34)
kk,[S]+k k.[P]+k k. +kk.[S]+
+k k, +kk,[S]
[ES]* =e, kk[S]+kk,[S] . (35)
kk [S]+k k. [P]+k k. +kk [S]+
+k_k, +kk[S]
[EP]QE =e k1k2[8]+ k-lk—Z[P] (36)

*le e, [S]+ k ko [P]+k I, + Lkl [S]+
+k_k, +k K, [S]

Comparison of expressions (2)-(5) and (33)-(36)
shows that for mechanism (1), the necessary and suffi-
cient condition for application of the quasi-equilibrium
assumption is simultaneous fulfillment of conditions (11)
and k_;[P] << k,[S], if E and ES enzyme forms are sup-
posed to be in equilibrium. Using quantitative character-

istics of these relationships ((15) and m <¢), we ob-
tain: !
qu _ Vss
— <&, 37
A
E qe E sS
—[ ] SE ] <g, (38)
[E]
ES qe S
[ES] [,ES] <s. (39)
[ES]Sb
EP]* —|EP]*
= [ss ] <&, (40)
[EP]

that is, in this case the quasi-equilibrium assumption can
be applied when only the two above-mentioned condi-
tions are fulfilled, and accuracy of this assumption may be
quantitatively evaluated by ¢ value.

It is not worth considering separately a case of quasi-
equilibrium between E and EP because scheme (1) is
symmetrical in relation to S and P.
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If product concentration is supposed to be zero, the
reaction mechanism looks as follows:

k,[S]

E

EST2FP—5s (F). (1)

k
Inequality (11) will be a condition for establishment
of quasi-equilibrium in segment
k; [S]
E k—<7> ES.

1

Accuracy of the quasi-equilibrium assumption in this case
will be determined by inequality (37)-(40), where ¢ is
defined by inequality (15).
Scheme (41) is often reduced to a two-stage scheme
of irreversible enzyme reaction:
K, [S] X
-1
In this case, the only necessary and sufficient condi-
tion for application of the quasi-equilibrium assumption
for equilibrium segment
k; [S]
E———ES

-1

in inequality (11). Accuracy of the quasi-equilibrium
assumption will be determined by inequalities (37)-(39),
where ¢ is defined by inequality (15).

A general scheme of a multi-stage enzyme reaction.
Earlier we suggested that conversion of a substrate mole-
cule to product molecule in the composition of the
enzyme—substrate complex is a one-stage process.
However, this is not at all obvious; moreover, it is not so if
the number of substrates is more than one. A key question
is how the increased number of reaction stages will influ-
ence applicability of the quasi-equilibrium assumption
and the accuracy attained by this assumption. Suppose
that the mechanism of a single-substrate enzyme reaction
includes an uncertain number of stages (n); the reaction
scheme looks as follows:

lq[S] ky E ks

E< ESz

B —opp &

N I, P]

(E), (42)
where E is an intermediate enzyme form which interacts
with substrate (so-called free enzyme form) and ES and
EP are enzyme—substrate and enzyme—product com-
plexes, respectively. For scheme (42), we obtained [21-
23] expressions for the rate of the enzyme reaction and
concentrations of intermediates at steady state conven-
ient for analysis:
b,

[E1 ]SS = e() :

5

(43)
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s 0.0, =B BB, B,
Vi =g, Zzbij ) (44)
bij = alaz.,,ai_IBiBiﬂ.,,Bj_llajﬂ.,,an 1<), (43)
bij =00, ol a, (1=7) , (46)
bij - B1Bz~~Bj_11(1j+1~~ui-1l31~~[3n (=), 47)
where O, = kl[S], [31 = k_l, o, = kn,
B, =k, [Pl o =k, B =k, (48)

fori=2,3,..n-1.

ky[S]

kl\ > E

k., [P] K,

Equilibrium segment EP >ES.

For calculations in the quasi-equilibrium assump-
tion in this case, let us pull segment

Sy

Ky k(8]
E (5] ES

k,[P] Ky

of scheme (42) into point E, using Cha method [5].
Ascribing corresponding coefficients to the branches issu-
ing out of point Ej,, we obtain the quasi-equilibrium
scheme (49):

o, o

e ﬁ:;‘ Ey, (49
where
= — 8% (50)
alan +B]an +B1Bn
By =B,. Bry= PPeb (51)

alan + Blan + Blﬁn

The other values have the same meaning.

Let us compute scheme (49) in the steady-state
assumption; this will give us expressions for the quasi-
equilibrium assumption of scheme (42):

2.5

[E, 1" =) oo - (52
2 2b;
qe _ qe _ qe Blau
BB (B 5
qe _ qe _ qe oy,
BT ISP [ e (o)
[E, I = [EPJ* = [E, ]* —— s (55)

.
U‘lu'n + Blun + BIBH

BIOCHEMISTRY (Moscow) Vol. 73 No. 10 2008



QUASI-EQUILIBRIUM ASSUMPTION FOR SINGLE-SUBSTRATE REACTIONS

00y 0 =B B P
qu:eo 03 n-1 or3 n-1 ,

225
1 ]

b; - u’OC(S"'U‘HBiBiH”'Bj—llajﬂ‘"C('n—l (<), (57)

(56)

b; =00y o lag,ay, (177), (58)
b;‘ =BePs- Bj—llajﬂ‘“ui—lﬁi‘ o [324 (1), (59)

where i=0, 3, ...n-1;j=0, 3, ... n—1.
Comparing expressions (52)-(59) and (43)-(48), it is
easy to ascertain that if conditions:

Oy
<eg, (60)
B,
Bus <eg, (61)
an
ke <eg, (62)
Ban
Bl’l—lBl‘l <8 , (63)
0,0

n

equivalent to conditions (15)-(18) are fulfilled, the differ-
ence between the values for the steady-state assumption
and those for the quasi-equilibrium assumption is deter-
mined by inequalities:

qe ss
YT cos, (64)
\'

M <2e (65)
[E]® ’

[ESI"-[ESI") (66)
[EST* ’

[EPT" ~[EPT] _», (67)
[EP]SS ’

[E.]* - [E;T”

——<2g, 68
ET o

fori=3,4,..n-1.

In other words, conditions for application of the
quasi-equilibrium assumption and the resulting accuracy
are independent of how many intermediates are in the
enzyme reaction mechanism (42). Since scheme (42) was
analyzed in general, conditions (60)-(63) govern condi-
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tions for application of the quasi-equilibrium assumption
to any segment of three intermediates of general scheme
(42), and expressions (64)-(68) allow evaluation of accu-
racy of this assumption.

It is easy to ensure that all the other manipulations of
section “Three-stage enzyme reaction” are justified also
in the case of scheme (42), in particular, the equilibrium
segment

k,[S]
EtoEs
-1

can exist in the framework of scheme (42) only if condi-
tions (60) and

—<& (69)
are fulfilled.

In this case, the accuracy of the quasi-equilibrium
assumption will be defined by inequalities:

qe _ (S8
AL Y (70)
\%
M <& (71)
[E]SS

[ES]* —[EST* cs 72)

[Es]ss 2
[EP]* — [EPT* s (73)

[Ep]ss ?
[EJ" -[E] <eg (74)

[E T ’

fori=3,4,..n-1.

Attempts to define criteria for the quasi-equilibrium
assumption were made earlier. A rather evident condition
(11) for the quasi-equilibrium assumption in the case of
the simplest two-stage scheme of irreversible enzyme
reaction is presented in [24]. Earlier we developed condi-
tions for existence of a quasi-equilibrium segment con-
sisting of two or three intermediates in a general scheme
of compulsory-ordered enzyme reaction [22]. Successful
attempts to justify criteria for application of the quasi-
equilibrium assumption in enzyme catalysis thus seem to
be exhausted.

An attempt to simplify complex first-order reactions
by dividing into groups of intermediates based on dis-
crimination of rapid and slow reactions was presented in
[25]; however, a purely mental approach did not allow



1120

elucidation of adequate conditions for application of the
quasi-equilibrium assumption. In [26], the absence of
sufficient conditions for application of the quasi-equilib-
rium assumption in case of a compulsory-ordered two-
substrate mechanism resulted in obviously wrong con-
centration dependences. Until now, the evaluation of the
accuracy of the quasi-equilibrium assumption was absent
from literature.

So, in this work we justified criteria for application of
the quasi-equilibrium assumption in the case of single-
substrate enzyme reactions and evaluated the accuracy of
this assumption.
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